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We obtain the analytical expression for the Kraus decomposition of the quantum map of an
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I. INTRODUCTION
The need to fight decoherence, to guarantee the proper
working of the quantum enhanced technologies of in-
formation and computation [1], has renovated the mo-
tivation for the in-depth study of system-environment
interaction dynamics. In particular, the Markovian or
non-Markovian nature of the dynamics is of great in-
terest [2]. Several witnesses and quantifiers have been
proposed in order to characterize the non-Markovianity
of a quantum processes [3–5]. For instance, the informa-
tion flow between system and environment, quantified
by the distinguishability of any two quantum states [6–8],
or by the Fisher information [9], or mutual information
[10]. Another interesting quantifier is the entanglement
based measure of non-Markovianity [11]. It is related
to the classical information flow between system and
environment [12]. The physical interpretation of these
quantifiers, however, remains an open question. The
behavior of the quantifiers depend on the kind of inter-
actions and size of the system, as is discussed in [13].
In this work we wish to obtain explicitly the Choi
representation of the quantum map of an arbitrary quad-
ratic fermionic Hamiltonian acting on qubits, and per-
form a comparative exploration of its dynamics from the
point of view of (non-)divisibility [14, 15]. After obtain-
ing the analytical expression of the dynamical matrix,
we specialize to the case of an environment represented
by the quantum one-dimensional Ising model acting
on one central qubit, which in the case of finite size
lattices can be solved analytically by means of the well
known Jordan-Wigner and Bogoliubov transformations
[16, 17]. The availability of an analytical solution for
∗Electronic address: fernandoiemini@gmail.com
this representative critical model is the reason why this
system is recurrently investigated in many instances.
The study we perform here is complementary to previ-
ous investigations and, besides its pedagogical purpose,
reveals functional dependencies among different indic-
ators of non-Markovianity, and also stresses that there
are two sources of non-divisibility in the dynamics, one
intrinsic to the kind of interactions, and another due
to the finite size of the lattice. The divisibility criterion
consists in checking if an intermediate quantum map is
not Complete Positive (CP) for some time instant, which
amounts to checking the non-positivity of the corres-
ponding dynamical matrix [18]. We will show that the
non-positivity of the dynamical matrix, measured by
its eigenvalues, in this case is a simple function of the
Loschmidt echo [20], a quantity that indicates decoher-
ence induced by perturbations. We will also investigate
the action of a trivial extension of the map on the decay
of entanglement of the system coupled to an ancilla. We
shall see that the intermediate map is not contractive,
and entanglement is again a function of the Loschmidt
echo which is not monotonically decreasing, signaling
non-Markovianity and information flux from the envir-
onment to the system [12]. Finally we wish to know if
the number of particles in the system has some influence
on the dynamics of the environment. Thus we derive
the map acting on a system composed of two qubits,
concluding that the results do not have any change.
The paper is organized as follows. We briefly revise
the formalism of dynamical maps and the divisibility
criterion in Sec. II. Our first result appears in Sec. III,
where we present the exact Kraus decomposition for
general quadratic fermionic Hamiltonians, and intro-
duce a measure of non-Markovianity. In Sec. IV, we
introduce the model we shall investigate numerically,
and relate it to the formalism of Sec. III. In Sec. V, we
obtain the map for a system of two-qubits, showing that
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2the results related to non-Markovianity do not change in
relation to the one-qubit case. Our results for the dynam-
ics of a qubit interacting with an environment governed
by the Ising model are presented in Secs. VI and VII,
where we investigate the non-Markovianity both at and
outside of the critical point. In Sec.VI we investigate the
non-Markovianity using the most negative eigenvalue
of the intermediate map as a quantifier, while in Sec.
VII we use the increase of entanglement under local CP
maps as a quantifier. Our final remarks are in Sec. VIII.
II. QUANTUM DYNAMICAL MAPS AND THE
DIVISIBILITY CRITERION
The evolution of an open quantum system (ρ′ = Φ(ρ))
can be written in the well known operator sum repres-
entation as [1, 18]:
ρ′ =∑
µ
KµρK†µ, ∑
µ
K†µKµ = I, (1)
where the Kµ are the Kraus operators related to the
quantum map Φ, and I is the identity in the Hilbert
space of the system. Using the vec operation, defined
by [18]:
vec(|x〉〈y|) = |x〉 ⊗ |y〉 , (2)
and the corresponding inverse operation,
vec−1(|x〉 ⊗ |y〉) = |x〉〈y| , (3)
the following matrix product (ABC) can be cast as:
ABC = vec−1[(A⊗ CT)vec(B)], (4)
Therefore, a product of three matrices can be thought of
as a super-operator (or map) A⊗CT acting on the linear
operator B. Now Eq.(1) can be conveniently rewritten as
[18]: ∣∣ρ′〉 = Φ |ρ〉 , Φ =∑
µ
Kµ ⊗ K∗µ , (5)
where |ρ〉 ≡ vec(ρ).
Consider the evolution of the system from an initial
time t0 to a final time t f ,∣∣∣ρ(t f )〉 = Φ(t f , t0) |ρ(t0)〉 . (6)
Suppose this evolution is broken in two steps with an
intermediate time, t f > tm > t0, namely:∣∣∣ρ(t f )〉 = Φ(t f , tm)Φ(tm, t0) |ρ(t0)〉 . (7)
Whereas Φ(t f , t0) is a completely positive (CP) map for
arbitrary t f [18], the map corresponding to the interme-
diate step, Φ(t f , tm), may be non-CP for some tm. As
realizable maps are always CP, Φ(t f , tm) being non-CP
for the particular time tm witnesses the fact that such
a division is not possible. A trivial case in which any
intermediate division is possible corresponds to unitary
evolution. Markovian evolutions also admit arbitrary
intermediate steps. The intermediate map may fail to be
CP only in the case of non-Markovian evolution. This
divisibility criterion [11] is therefore a sufficient condition
to detect non-Markovianity.
In order the check the complete positivity of a map, we
use the well known duality between CP maps and posit-
ive operators, expressed by the Choi’s theorem [18, 19].
First we define the unique dynamical matrix associated
to the map:
Dmnµν = Φ
mµ
nν = 〈mµ|Φ |nν〉 , (8)
where Latin and Greek indices correspond to system and
environment Hilbert spaces, respectively. The Choi’s
theorem states that the map (Φ) is CP if and only if its
dynamical matrix (D) is a positive semi-definite operator.
Finally, to check the complete positivity of the interme-
diate map, we form the matrix of its super-operator by
means of the product:
Φ(t f , tm) = Φ(t f , t0)Φ−1(tm, t0). (9)
Note that Φ(t, t0) is the matrix representation of the map
that evolves the system from the initial time t0 to any
time t. Φ−1(tm, t0) is the pseudo-inverse of Φ(tm, t0),
and thus evolves the system from tm to t0. Therefore the
matrix product in Eq.9 defines a matrix representation
for the intermediate map. While the dynamical matrix
(D(t, t0)) corresponding to Φ(t, t0) is always positive
semi-definite, the one (D(t f , tm)) related to Φ(t f , tm)
may happen to be non-positive, and in this case it wit-
nesses a non-Markovian evolution.
III. DYNAMICAL MATRIX FOR A GENERAL
FERMIONIC QUADRATIC HAMILTONIAN
In the previous section, we reviewed the formalism
of quantum maps and the divisibility criterion. We now
apply such formalism to environments described by gen-
eral fermionic quadratic Hamiltonians, interacting with
a qubit. We will show how to obtain the exact expression
for the Kraus decomposition of the dynamical matrix.
Let us then consider a general fermionic quadratic
Hamiltonian, namely,
Hg =
L
∑
m,n=1
(xm,na†man + ym,na
†
ma
†
n + h.c.). (10)
where L is the lattice size, and xm,n, ym,n are arbitrary
complex numbers. a†j (aj) is the creation (annihilation)
operator, satisfying the usual anti-commutation rela-
tions:
{ai, a†j } = δij, {ai, aj} = 0. (11)
3For the interaction of the qubit with this environment,
we consider the following Hamiltonian:
Hint = −δ |e〉〈e| ⊗Ve, (12)
where |g〉 and |e〉 are the qubit ground and excited states,
respectively, and Ve is a fermionic quadratic Hamilto-
nian. We consider that the qubit and environment are
initially uncorrelated, and they are in an arbitrary pure
initial state,
|ψ(0)〉 = |χ(0)〉 ⊗ |ϕ(0)〉 = (cg |g〉+ ce |e〉)⊗ |ϕ(0)〉 ,
(13)
where |χ(0)〉 = cg |g〉+ ce |e〉, with |cg|2 + |ce|2 = 1, is
the initial qubit state. The evolution under the total
Hamiltonian,
H = Hg + Hint, (14)
is given by:
|ψ(t)〉 = e−iHt/h¯ |χ(0)〉 ⊗ |ϕ(0)〉 , (15)
|ψ(t)〉 = cg |g〉⊗ e−iHgt/h¯ |ϕ(0)〉︸ ︷︷ ︸
|ϕg(t)〉
+ce |e〉⊗ e−iHet/h¯ |ϕ(0)〉︸ ︷︷ ︸
|ϕe(t)〉
,
(16)
where
He = Hg − δVe. (17)
Such Hamiltonians, He and Hg, can be easily diagonal-
ized by a Bogoliubov transformation [16], namely:
B±k ≡ cos
(
θkg
2
)
a±k ∓ i sin
(
θkg
2
)
a†∓k, (18)
A±k ≡ cos
(
θke
2
)
a±k ∓ i sin
(
θke
2
)
a†∓k. (19)
These new fermionic operators are related according to
B±k = cos(αk)A±k ∓ i sin(αk)A†∓k, (20)
where αk = (θkg − θke )/2. The Hamiltonians in diagonal
form read:
Hg =∑
k
ekg(B
†
kBk + Cg), He =∑
k
eke (A
†
kAk + Ce), (21)
where Cg and Ce are both real constants, and ekg(e) are
the single-particle eigenvalues. The ground states of Hg
(Gg) and He (Ge) are related by:∣∣Gg〉 =∏
k>0
[
cos(αk) + i sin(αk)A†kA
†
−k
]
|Ge〉 . (22)
Now we derive the Kraus decomposition of the map
super-operator (Φ). The Kraus operators of the evolution
are:
Ki = (IS ⊗ 〈i|) e−iHt/h¯ (IS ⊗ |ϕ(0)〉), (23)
with IS = |g〉〈g|+ |e〉〈e|. Assuming, without loss of gen-
erality (the map does not depend on the initial states of
the qubit-environment), that the environment is initially
in its ground state , |ϕ(0)〉 = ∣∣Gg〉, and using Eq.(16),
we obtain:
Ki = IS ⊗ 〈i|
[|g〉〈g| ⊗ ∣∣ϕg(t)〉+ |e〉〈e| ⊗ |ϕe(t)〉] . (24)
The environment states
∣∣ϕg(t)〉 and |ϕe(t)〉 are given by:∣∣ϕg(t)〉 = e−iHgt/h¯ ∣∣Gg〉 = e−iEgt/h¯ ∣∣Gg〉 = (25)
e−iEgt/h¯ ∏
k>0
[
cos(αk) + i sin(αk)A†kA
†
−k
]
|Ge〉 ,
where Eg is the ground state energy of Hg. Likewise,
using Eq.(22), we obtain:
|ϕe(t)〉 = e−iHet/h¯× (26)
∏
k>0
[
cos(αk) + i sin(αk)A†kA
†
−k
]
|Ge〉 =
∏
k>0
[
cos(αk) + e−i(e
k
e+e
−k
e )t/h¯i sin(αk)A†kA
†
−k
]
×
e−iEet/h¯ |Ge〉 .
In order to obtain the Kraus operators, it is enough
to calculate the overlaps
〈
i
∣∣ϕg(t)〉 and 〈i|ϕe(t)〉, for a
given environment basis {|i〉}, as shown in Eq.(24). A
convenient basis is formed by the eigenstates of He,
namely:
{|i〉} = {|Ge〉 , A†~kN |Ge〉}, (27)
where ~kN = (k1, k2, ..., kN) is the vector representing
the momentum of the N(= 1, . . . , L) excitations, and
A†~k = A
†
k1
A†k2 ...A
†
kN
. It is easy to see that the only non
null elements for “
〈
i
∣∣ϕg(t)〉”, using Eq.(25), are given
by, 〈
Ge
∣∣ϕg(t)〉 = e−iEgt/h¯(∏
k>0
cos(αk)), (28)
and
a~kN (t) ≡ 〈Ge| A−~kNA~kN
∣∣ϕg(t)〉 = (29)
e−iEgt/h¯ ∏
k∈~kN
(i sin(αk))( ∏
k>0, k/∈~kN
cos(αk)),
where N varies from 1 to L/2. Analogously, the non
null terms for “〈i|ϕe(t)〉”, using Eq.(26), are given by,
b~kN (t) ≡ 〈Ge| A−~kNA~kN |ϕe(t)〉 = (30)
e−iEet/h¯ ∏
k∈~kN
[
i sin(αk) exp(−i(eke + e−ke )t/h¯)
]
×
( ∏
k>0, k/∈~kN
cos(αk)).
4It is easy to check the following relation:
b~kN (t) = a~kN (t) f~kN (t), (31)
where
f~kN (t) ≡ e
−i(Ee−Eg)t/h¯ exp(−i
N
∑
k∈~kN
(eke + e
−k
e )t/h¯). (32)
Finally, we reach the first result of this work, obtain-
ing a simple expression for the Kraus operators of the
quantum map,
K~kN = a~kN (t)(|g〉〈g|+ f~kN (t) |e〉〈e|). (33)
Note that
∣∣∣a~kN (t)∣∣∣2 is not a time dependent variable, and
∑
{~kN}
∣∣∣a~kN (t)∣∣∣2 = Tr(∣∣ϕg(t)〉〈ϕg(t)∣∣) = 1. (34)
By using this fact, we can then write the quantum map
in terms of the Kraus operators as follows,
Φ(t, 0) = ∑
{~kN}
K~kN ⊗ K
∗
~kN
= |g〉〈g| ⊗ |g〉〈g|+ |e〉〈e| ⊗ |e〉〈e|+
|g〉〈g| ⊗ |e〉〈e| ∑
{~kN}
∣∣∣a~kN (t)∣∣∣2 f~kN (t)∗ +(35)
|e〉〈e| ⊗ |g〉〈g| ∑
{~kN}
∣∣∣a~kN (t)∣∣∣2 f~kN (t)
If we define the following variable,
x(t) ≡ ∑
{~kN}
∣∣∣a~kN (t)∣∣∣2 f~kN (t), (36)
the quantum map can be rewritten as,
Φ(t, 0) = [|g〉〈g| ⊗ |g〉〈g|+ |e〉〈e| ⊗ |e〉〈e|+
|g〉〈g| ⊗ |e〉〈e| x(t)∗ + |e〉〈e| ⊗ |g〉〈g| x(t)] . (37)
As expected, the quantum map consists in a deco-
herence channel, and thus we can identify the variable
“x(t)” with the known Loschmidt echo L(t) [8, 21],
L(t) = |x(t)|2 = | 〈φg(t)∣∣φe(t)〉 |2. (38)
The above relation follows just by noticing that the
qubit reduced state, ρS(t) = TrE(|ψ(t)〉〈ψ(t)|), tak-
ing the partial trace of Eq.(13), is given by ρS(t) =
|cg|2 |g〉〈g| + |ce|2 |e〉〈e| + c∗gceµ(t) |e〉〈g| + H.c., where
µ(t) =
〈
φg(t)
∣∣φe(t)〉 is the decoherence factor. The
quantum map corresponding to such an evolution is
the decoherence channel, as described before.
Using now Eq.(9), we have the following expression
for the intermediate map:
Φ(t f , tm) = [|g〉〈g| ⊗ |g〉〈g|+ |e〉〈e| ⊗ |e〉〈e|+
|g〉〈g| ⊗ |e〉〈e| y(t f , tm)∗ + (39)
|e〉〈e| ⊗ |g〉〈g| y(t f , tm)
]
,
where
y(t f , tm) ≡
x(t f )
x(tm)
. (40)
The dynamical matrix of this quantum map is
DΦ(t f ,tm) =

1 0 0 y(t f , tm)∗
0 0 0 0
0 0 0 0
y(t f , tm) 0 0 1

. (41)
Computing the minimum eigenvalue, we arrive at the
following simple sufficient condition for the positive-
semi-definiteness of the dynamical matrix:
1− |y(t f , tm)| ≥ 0. (42)
Therefore we have obtained a simple function capable
to witness the non-Markovianity of the dynamics, i.e., Φ
is non-Markovian if |y(t f , tm)| > 1.
IV. ISING MODEL AS AN ENVIRONMENT FOR A
SYSTEM OF ONE QUBIT
In the previous section, we derived the dynamical
matrix for an arbitrary quadratic fermionic Hamiltonian.
In this section we focus on an environment described
by the Ising Hamiltonian in a transverse field (Hising),
with periodic boundary conditions (L + 1 = 1). The
interaction with the environment (Hint) is by means of
the transverse magnetic field in the Z direction (see
Fig.1), more precisely,
HIsing = −J
L
∑
j=1
(σxj σ
x
j+1 + λσ
z
j ), (43)
Hint = −δ |e〉〈e| ⊗
L
∑
j=1
σzj . (44)
In order to employ the previous section’s results, we
first do the identification:
He = Hising − δ
L
∑
j=1
σzj , (45)
Hg = Hising. (46)
5Figure 1: Schematic view of spins forming a ring array, rep-
resenting the environment governed by the Ising Hamiltonian
(Eq.(43)). The central spin is the qubit interacting with the
environment according to Eq.(44).
We now diagonalize the Ising Hamiltonian [17]. First
we use the usual Jordan-Wigner transformation,
σ+j = exp (ipi∑
l<j
a†l al) =∏
l<j
(1− 2a†l al)aj, (47)
aj = (∏
l<j
σzl )σ
+
j . (48)
The Ising Hamiltonian can then be rewritten in terms of
quadratic fermionic operators:
Hising = J
[
−
L−1
∑
j=1
(a†j aj+1 + a
†
j a
†
j+1 + h.c.)
+e(ipi)Nˆ(a†La1 + a
†
La
†
1 + h.c.) + 2λNˆ − λL
]
, (49)
where Nˆ = ∑j a†j aj. The Hamiltonian conserves the par-
ity,
[
H, e(ipi)Nˆ
]
= 0. Thus we can analyze its odd/even
subspaces separately. The gap between the ground state
energy of these two subspaces obviously closes in the
thermodynamic limit. For simplicity, we shall proceed
the analysis in the even sector, which leads to a simple
quadratic Hamiltonian with anti-periodic boundary con-
ditions. Using the momentum eigenstates,
ak =
1√
L
∑
j
e(−ikj)aj, (50)
with k = 2piL q, q = ±1/2,±3/2, ...,±(L − 1)/2, for L
even, and the Bogoliubov transformation (Eq.(19)), with
phases
θke (δ) = arctan
[ − sin(k)
cos(k)− (λ+ δ)
]
, (51)
the Hamiltonian assumes the desired diagonal form:
He =∑
k
eke (A
†
kAk − 1/2), (52)
with eigenvalues given by:
eke (δ) = J
√
1+ (λ+ δ)2 − 2(λ+ δ) cos(k). (53)
V. ISING MODEL AS AN ENVIRONMENT FOR A
SYSTEM OF TWO QUBITS
Now we determine the exact expression for the
quantum map(Φ), in the case of two qubits interacting
with an environment described by an arbitrary quadratic
fermionic Hamiltonian Hg (Eq.(10)). The motivation is
to investigate how the number of particles in the system
affects the environment.
We assume the two qubits described by the Hamilto-
nian
HS = −JS [σz1σz2 + λS (σz1 + σz2)] , (54)
where σz = |g〉〈g| − |e〉〈e|, with |g〉 and |e〉 being the
qubit ground and excited states. For the interaction with
the environment, we consider the following Hamilto-
nian:
Hint = − [δ1 |gg〉〈gg|+ δ2 (|ge〉〈ge|
+ |eg〉〈eg|)]⊗V, (55)
where V is a fermionic quadratic Hamiltonian. We as-
sume that the two qubits and the environment are ini-
tially uncorrelated, and they are in an arbitrary pure
initial state,
|ψ(0)〉 = |χ(0)〉 ⊗ |ϕ(0)〉,
where |χ(0)〉 = cgg |gg〉 + cge |ge〉 + ceg |eg〉 + cee |ee〉 (
|cgg|2 + |cge|2 + |ceg|2 + |cee|2 = 1) is the initial two-qubit
state. Therefore, the state of the composite system, at an
arbitrary time t, can be written as:
|Ψ(t)〉 = e−i(Hg+Hint+HS)t/h¯ |χ(0)〉 ⊗ |ϕ(0)〉
= e−i JSt/}
(
cge |ge〉+ ceg |eg〉
) |ϕ2(t)〉+
cggei JS(1+2λ)t/} |gg〉 |ϕ1(t)〉+
ceeei JS(1−2λ)t/} |ee〉 |ϕ0(t)〉 , (56)
where |ϕa(t)〉 = e−iHat/}|ϕ(0)〉, with Hamiltonian Ha =
H0 − δaVe, a = (0, 1, 2), and δ0 = 0. With this notation,
we have H0 ≡ Hg.
The Hamiltonian Ha(a = (0, 1, 2)) can be diagonalized
by a Bogoliubov transformation,
η±ka = cos
(
θka
2
)
a±k ∓ i sin
(
θka
2
)
a†∓k. (57)
These fermionic operators are related by:
η±ka = cos
(
αka,b
)
η±kb ∓ i sin
(
αka,b
)
η∓k†b , (58)
where αka,b = (θ
k
a − θkb)/2. The Hamiltonian in diagonal
form reads:
Ha =∑
k
eka
(
ηk†a η
k
a + Ca
)
, (59)
6where C0, C1 and C2 are real constants, ek0, e
k
1 and e
k
2 are
the single-particle eigenvalues. The ground states of H0
(G0), H1 (G1) and H2 (G2) are related according to:
|Ga〉 =∏
k>0
[
cos
(
αka,b
)
+ i sin
(
αka,b
)
ηk†b η
−k†
b
]
|Gb〉.
(60)
Using the definition of Kraus operators in Eq.(23), and
the Eq.(56), we can write:
Ki = 〈i|ϕ2〉 e−i Jt/} (|ge〉〈ge|+ |eg〉〈eg|)
〈i|ϕ1〉 ei J(1+2λ)t/} |gg〉〈gg|+
〈i|ϕ0〉 ei J(1−2λ)t/} |ee〉〈ee| , (61)
where {|i〉} is an environment basis. Finally we obtain
the quantum map:
Φ (t, 0) = ∑
i
Ki ⊗ K∗i
= [|gg〉〈gg| ⊗ |gg〉〈gg|+ |ee〉〈ee| ⊗ |ee〉〈ee|+
|ge〉〈ge| ⊗ |ge〉〈ge|+ |eg〉〈eg| ⊗ |eg〉〈eg|+
|ge〉〈ge| ⊗ |eg〉〈eg|+ |eg〉〈eg| ⊗ |ge〉〈ge|+
(|ee〉〈ee| ⊗ |eg〉〈eg|+ |ee〉〈ee| ⊗ |ge〉〈ge|)×
x0,2(t)∗eiφ−t +
(|eg〉〈eg| ⊗ |ee〉〈ee|+ |ge〉〈ge| ⊗ |ee〉〈ee|)×
x0,2(t)e−iφ−t +
(|gg〉〈gg| ⊗ |eg〉〈eg|+ |gg〉〈gg| ⊗ |ge〉〈ge|)
x1,2(t)∗eiφ+t +
(|eg〉〈eg| ⊗ |gg〉〈gg|+ |ge〉〈ge| ⊗ |gg〉〈gg|)
x1,2(t)e−iφ+t +
|ee〉〈ee| ⊗ |gg〉〈gg| x0,1(t)∗e−iφ0t +
|gg〉〈gg| ⊗ |ee〉〈ee| x0,1(t)eiφ0t
]
,
(62)
with, φ± = 2JS(1 ± λS)/} and φ0 = 4JSλS/}, and
xa,b(t) = 〈ϕb|ϕa〉. Choosing the environment in its ini-
tial ground state, |ϕ(0)〉 = |G0〉, and using equations
(58-60), we have:
xa,b(t) = 〈ϕb|ϕa〉
= ∏
k>0
{
cos
(
αk0,a
)
cos
(
αk0,b
)
cos
(
αka,b
)
+[
cos
(
αk0,a
)
sin
(
αk0,b
)
ei(e
k
b+e
−k
b )t/h¯ −
cos
(
αk0,b
)
sin
(
αk0,a
)
e−i(e
k
a+e
−k
a )t/h¯
]
×
sin
(
αka,b
)
+ sin
(
αk0,a
)
sin
(
αk0,b
)
cos
(
αka,b
)
×
e−i[(e
k
a+e
−k
a )−(ekb+e−kb )]t/h¯
}
e−i(Ea−Eb)t/h¯, (63)
where Ea is the ground state energy of Ha. Finally, we
obtain the dynamical matrix of the intermediate map,
namely:
DΦ(t f ,tm) = [|gg〉〈gg| ⊗ |gg〉〈gg|+ |ee〉〈ee| ⊗ |ee〉〈ee|+
|ge〉〈ge| ⊗ |ge〉〈ge|+ |eg〉〈eg| ⊗ |eg〉〈eg|+
|ge〉〈eg| ⊗ |ge〉〈eg|+ |eg〉〈ge| ⊗ |eg〉〈ge|+
(|ee〉〈eg| ⊗ |ee〉〈eg|+ |ee〉〈ge| ⊗ |ee〉〈ge|)×
y0,2(t f , tm)∗eiφ−(t f−tm) +
(|eg〉〈ee| ⊗ |eg〉〈ee|+ |ge〉〈ee| ⊗ |ge〉〈ee|)×
y0,2(t f , tm)e
−iφ−(t f−tm) +
(|gg〉〈eg| ⊗ |gg〉〈eg|+ |gg〉〈ge| ⊗ |gg〉〈ge|)×
y1,2(t f , tm)∗eiφ+(t f−tm) +
(|eg〉〈gg| ⊗ |eg〉〈gg|+ |ge〉〈gg| ⊗ |ge〉〈gg|)×
y1,2(t f , tm)e
−iφ+(t f−tm) +
|ee〉〈gg| ⊗ |ee〉〈gg| y0,1(t f , tm)∗e−iφ0(t f−tm) +
|gg〉〈ee| ⊗ |gg〉〈ee| y0,1(t f , tm)eiφ0(t f−tm)
]
,
(64)
where
ya,b(t f , tm) =
xa,b(t f )
xa,b(tm)
. (65)
Unlike the case of one qubit, where we presented a
very simple expression for the minimum eigenvalue of
the dynamical matrix (Eq.(42)), directly related to the
well know Loschmidt echo, in the case of two qubits
the minimum eigenvalue is a non-trivial function of the
parameters ya,b(t f , tm). However, working numerically
we learn that the two-qubit case does not present any
new characteristic that would result in a different beha-
vior of the non-Markovianity in relation to the one-qubit
case.
VI. WITNESSING THE NON-MARKOVIANITY IN THE
ISING MODEL: FINITE SIZE EFFECTS
Now we are equipped to characterize the dynamics
of a qubit interacting with an environment governed
by the Ising model (Fig. 1). We consider lattices up to
L = 5× 105 sites, and investigate the non-Markovianity
in the vicinity of the critical point of the quantum Ising
model, which is well known to be equal to λ∗ ≡ λ+ δ =
1.
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Figure 2: Manifestation of the non-Markovianity by means
of the most negative eigenvalue of the intermediate quantum
map DΦ(t f ,tm) (greyscale), in function of t f and tm, for a lattice
with parameters L = 10 , λ = 0.5 and δ = 0.5.
Let us define a measure (η) of non-Markovianity as
the minimum of the eigenvalues for the intermediate
quantum dynamical matrix DΦ(tt ,tm) over all final times
t f and over all time partitions tm, precisely:
η = min
{t f }
min
{tm<t f }
eig{DΦ(tt ,tm)}, (66)
where eig is the set of eigenvalues of the intermediate
dynamical matrix DΦ(t f ,tm). In order to exemplify such a
non-Markovianity measure, we plot, in Fig. 2, the smal-
lest eigenvalue of the intermediate map as a function of
the final (t f ) and intermediate (tm) times, at the critical
point of the Ising model, for a lattice with L = 10 sites.
As the values of tm and t f are swept, the non-Markovian
regions of the dynamics are revealed.
Notice that the previously defined non-Markovianity
measure is only based on the minimum eigenvalue of
the dynamical matrix. One might expect, however, that
the number of negative eigenvalues could influence the
strength of the non-Markovianity. For our models under
analysis, however, it seems not play any relevant effect:
i) in the case of a single qubit it becomes trivial, since
one can only have a single negative eigenvalue for the
dynamical matrix; ii) and in the case of two-qubits we
found that indeed there are cases where the dynamical
matrix presents more than one negative eigenvalue, but
its absolute value is always at least two orders of mag-
nitude smaller than the absolute value of the minimum
eigenvalue, and thus could be neglected.
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Figure 3: The non-Markovianity measure η (Eq. (66)) in func-
tion of the transverse field λ, for δ = 0.01, and for different
lattice sizes (L), in the vicinity of the Ising model critical point.
In Fig. 3, the non-Markovianity, quantified by η
(Eq.(66)), is plotted against the transverse field (λ), in
the vicinity of the Ising model critical point, for a fixed
interaction coupling constant δ = 0.01. We see that the
larger the lattice, the larger the non-Markovianity. The
most interesting feature shown in this figure is the max-
imum of non-Markovianity occurring precisely at the
Ising model critical point. The behavior of this measure
for larger lattice sizes, and in the thermodynamic limit,
for the particular model studied in this section could
also be inferred by the Loschmidt echo [8, 21], from
Eqs.(38) and (42). Note, however, that this equivalence
between η and the Loschmidt echo is not necessarily
true in general.
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Figure 4: The Loschmidt echo L (Eq. (37)) as a function of the
time, at the critical point λ∗ = λ+ δ = 1, with δ = 10−2, for
different lattice sizes.
In Fig. 4 ,we see the behavior of the Loschmidt echo,
for different lattice sizes, at the critical point (λ∗ = 1).
We highlight some of its features: (i) the Loschmidt echo
has an abrupt decay followed by a revival, with a time
8period “τ”, which is proportional to the lattice size, τ ∝
L; (ii) the difference between the minimum value of the
decay (which we shall denote by Ldec) and the maximal
of the revival (Lrev) becomes higher as we increase the
lattice size. In this way, the non-Markovianity measure
is simply given by η = Lrev/Ldec.
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Figure 5: Finite size scaling analysis: ln(−η) as a function of L,
for L = 100 to L = 105 sites, at the critical point λ∗ = 1, with
δ = 10−2. The linear fit reveals an exponential divergence of
the non-Markovianity with the lattice size.
Performing a finite-size scaling analysis, we see, in Fig.
5, that such a measure grows exponentially with lattice
size, η(λ∗) ∝ exp(α∗L), with α∗ ∼ 2.36× 10−3. Notice
however that, despite such exponentially increasing be-
havior, at the thermodynamic limit the period τ diverges,
and there is no revival of the function, consequently, the
non-Markovianity pointed by this measure must be null:
η(λ∗) = 0 for L → ∞. It should be clear by now, that
the non-Markovianity we have observed so far is due to
the finite size of the lattice and the periodical dynamical
revivals thereof. The behavior of the Loschmidt echo
outside of the critical point is plotted in Fig. 6. We high-
light some of its features: (i) due to finite size effects, we
see that after a certain time (Γ), which increases with the
lattice size (Γ ∝ L), the function has a chaotic behavior;
(ii) the “shape” of the function before the chaotic beha-
vior is invariant with the lattice size, only its amplitude
is changed.
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Figure 6: The Loschmidt echo L (Eq. (37)) as a function
of the time, outside of the critical point; more precisely, for
λ = λ∗ − 0.1, and δ = 10−2. The behavior for λ = λ∗ + 0.1 is
completely similar to this one.
Performing then a finite-size scaling analysis, we see,
in Fig. 7, that the non-Markovianity measure grows
exponentially with lattice size, η(λ∗ − 0.1) ∝ exp(βlL),
with βl ∼ 1.43× 10−5, and η(λ∗+ 0.1) ∝ exp(βrL), with
βr ∼ 1.29× 10−5. Notice that although the measure also
has an exponential scaling, as in the critical point, its
exponential factors are much smaller, namely, βl(r)/α∗ ∼
10−2.
In summary, we see that the non-Markovianity meas-
ure, for finite size systems, reaches its maximal at the
critical point, whereas in the thermodynamic limit it is
zero exactly at the critical point, and it diverges outside
of the critical point.
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Figure 7: Finite size scaling analysis: ln(−η) as a function of
L, for L = 100 to L = 5× 105 sites, outside of the critical point,
more precisely, for λ = λ∗ ± 0.1, and δ = 10−2. The linear
fit reveals an exponential divergence of the non-Markovianity
with the lattice size, (−η) ∝ eβL.
Assuming the environment described by the Ising
9Hamiltonian, the measure (η) (Eq.66) and the witness
(N ) (Eq.69) for the non-Markovian dynamics for the
two qubits have exactly the same behavior of the non-
Markovian dynamics for one qubit. Here we will just
highlight that the results do not depend on the paramet-
ers JS and λS, and the choice of a Hamiltonian HS for
the open system (two spins) just adds a relative phase
in its initial state, |χ(0)〉, do not affecting (η) nor (N ).
VII. ENTANGLEMENT AS A WITNESS OF
NON-MARKOVIANITY IN THE ISING MODEL:
BEYOND FINITE SIZE EFFECTS
In the previous section, we characterized the non-
Markovianity by means of the non-positivity of the dy-
namical matrix expressed as a simple function of the
Loschmidt echo. Now we will further explore the dy-
namics using a witness of non-Markovianity. Differ-
ent non-Markovianity witnesses based on entanglement,
or on bipartite correlations, have recently appeared in
the literature [22–24]. We based our witness on the
entanglement between the central qubit coupled to an
ancilla. Our main concern shall be to detect the non-
Markovianity that is not due to the finite lattice size. To
see how this works, we assume a system S, with dynam-
ics described by a map Φ, and a static ancillary system
A. The system-ancilla evolution is given by,
ρSA(t f ) = Φ(t f , t0)⊗ IA [ρSA(t0)] . (67)
Note that we have trivially extended the map to a separ-
able one, with no local action over the ancilla.
Entanglement cannot be generated by a local CP map.
Assuming that the map (Φ(t f , t0)) is divisible, in the
sense discussed in section II, i.e., the intermediate map
(Φ(t f , tm)) is CP, t f > tm > t0, we have:
E
[
ρSA(t f )
]
= E
[
(Φ(t f , tm)Φ(tm, t0)⊗ IA [ρSA(t0)]
]
= E
[
(Φ(t f , tm)⊗ IA [ρSA(tm)]
]
≤ E [ρSA(tm)] , (68)
where E [ρSA(t)] is some quantifier of bipartite entan-
glement. The above equation expresses the fact that
entanglement is monotonically decreasing under local
CP maps.
In order to simplify notation, from now on we shall
write E [ρSA(t)] = ESA(t). From Eq.(68) we have that a
local CP divisible map leads to a monotonic decrease(
d
dtESA(t) ≤ 0
)
of an entanglement measure of the sys-
tem and ancilla. Therefore any violation of this monoton-
icity
(
d
dtESA(t) > 0
)
is a sufficient criterion to witness
non-Markovianity. Based on this idea, we can consider
a witness (N ) of non-Markovianity in the form [22]:
N =
∫
(d/dt)ESA>0
d
dt
ESA(t), (69)
such that N > 0 for non-Markovian dynamics.
Now consider system and ancilla as two qubits
in an initial maximally entangled state, |φ+〉 =
(|gg〉+ |ee〉) /√2. The system is under the action of
the map given by Eq.(37), and the ancilla is let alone. We
resume the study of our problem (Fig. 1) under this new
perspective.
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Figure 8: The entanglement measure ESA, quantified by the
negativity as a function of time, at the critical point λ∗ =
λ+ δ = 1, and δ = 10−2, for different lattice sizes.
In Fig.4, we saw that at the critical point λ∗ = 1, the
revival of the Loschmidt echo, i.e. the revival of the
coherence (recoherence), occurs in a time τ proportional
to the lattice size. This non-Markovianity, due to the
finite size of the lattice, allows for the open system to
regain coherence and information from the environment.
It is shown in Fig. 8, where the entanglement measure
(ESA ) is the negativity, for different lattice sizes at the
critical point. The period of time in which the negativity
increases is proportional to the lattice size, as expec-
ted. However, looking at outside of the critical point,
in a time before the detection of non-Markovianity due
to the size effect, we can witness non-Markovianity re-
lated to the characteristic features of the environment.
This fact was observed before by means of the distin-
guishability of two quantum states [8]. In Fig. 9, we
plot the negativity, for different lattice sizes, outside
of the critical point, with fixed interaction coupling
constant δ = 0.01, in a time interval excluding the fi-
nite size effect. We see that even for different lattice
sizes the negativity presents the same behavior, i.e. the
period of time in which ESA monotonically increases
is the same. The degree of non-Markovianity, quanti-
fied by N (Eq.(69)), becomes higher as we increase the
lattice size, N = ∑n
(
ESA(τmaxn )− ESA(τminn )
)
, where
ESA(τmaxn ) and ESA(τminn ) are the set of local maximum
and minimum values of ESA(t). At this point one can
note that the behavior of the negativity is similar to the
10
Loschmidt echo, more precisely, in this specific case we
have the interesting result:
ESA =
√
L. (70)
The above equation follows from the definition of negat-
ivity, ESA = ∑i (|pi| − pi), where the pi are the four
eigenvalues 12 (−|x(t)|, |x(t)|, 1, 1) of ρΓSA(t), which is
the partial trace of ρSA(t) = Φ(t, 0)⊗ IA [|φ+〉〈φ+|] =
(|g〉〈g| ⊗ |g〉〈g|+ |e〉〈e| ⊗ |e〉〈e|+ |g〉〈e| ⊗ |g〉〈e| x(t)∗ +
|e〉〈g| ⊗ |e〉〈g| x(t))/2. In Fig.10, we see the witness of
non-Markovianity, against the effective transverse field
(λe f = λ + δ), for two different lattice sizes, in an in-
terval that avoids finite size effects. Increasing the field
from small values, the witness decreases, until it gets
close to the critical point, where it starts to increase,
and suddenly drops to zero, exactly at the critical point
(N (λ∗) = 0). This is a very nice result to conclude this
section, for the dynamics is known to be Markovian at
the critical point.
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Figure 9: The negativity ESA as a function of time, outside of
the critical point, for λ = λ∗ − 0.1, and δ = 10−2, for different
lattice sizes.
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Figure 10: The witness of non-Markovianity N as a function
of the effective field λe f = λ+ δ, for δ = 0.01, and in a time
window excluding finite size effects.
VIII. CONCLUSION
We derived the analytical expression for the Kraus rep-
resentation of the map corresponding to the evolution
of one and two qubits interacting with an environment
represented by a general quadratic fermionic Hamilto-
nian. We concluded that the non-Markovian dynamics
of two qubits interacting with the Ising environment
does not present any new feature in relation to the dy-
namics of one qubit. We introduced simple functions to
check the non-Markovianity of the dynamics. For the
particular case of the Ising environment, we investigated
the dynamics of one qubit interacting with lattices up
to 105 sites. We quantified the non-Markovianity by
the most negative eigenvalue (η - Eq.66) of the dynam-
ical matrix, and obtained that, for finite size systems, it
reaches its maximum at the critical point, whereas in
the thermodynamic limit it is zero exactly at the crit-
ical point, diverging outside of the critical point. We
also quantified the non-Markovianity using an entangle-
ment based approach (N - Eq.69 ). We showed, in the
case of one qubit interacting with Ising model, that the
non-Markovianity measures we introduced are simple
functions of the Loschmidt echo. Finally, we clearly
identified two kinds of non-Markovianity, one due to
the finite size of the environment, and another intrinsic
of the Ising Hamiltonian, and we were able to quantify
both.
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